Abstract. To any g-manifold M are associated two dglas tot Λ
poly (M ) are Gerstenhaber algebras. We establish a formality theorem for g-manifolds: there exists an L∞ quasi-isomorphism Φ : tot Λ
•
poly (M ) whose first 'Taylor coefficient' (1) is equal to the Hochschild-Kostant-Rosenberg map twisted by the square root of the Todd cocycle of the g-manifold M and (2) induces an isomorphism of Gerstenhaber algebras on the level of cohomology. Consequently, the Hochschild-Kostant-Rosenberg map twisted by the square root of the Todd class of the g-manifold M is an isomorphism of Gerstenhaber algebras from
poly (M ) .
Introduction
Two differential graded Lie algebras (dglas) are canonically associated with a given smooth manifold M : the dgla of polyvector fields T • poly (M ) = [6, 7] states that the Hochschild-Kostant-Rosenberg map, the natural embedding hkr :
, determines an isomorphism of Gerstenhaber algebras hkr :
on the cohomology level -the products on T • poly (M ) and D • poly (M ) are the wedge product and the cup product respectively. However, the HKR map hkr :
is not a morphism of dglas. Kontsevich's celebrated formality theorem states that the HKR map hkr extends to an [7, 12] . The formality theorem is highly non trivial and has many applications, one of which is the deformation quantization of Poisson manifolds.
In this Note, we study the Gerstenhaber algebra structures associated with a g-manifold and we establish a formality theorem for g-manifolds. By a g-manifold, we mean a smooth manifold equipped with an infinitesimal action of a Lie algebra g. In this situation, the analogues of T • poly (M ) and D • poly (M ) are the Chevalley-Eilenberg complexes tot
poly (M ) , respectively -they are briefly mentioned in Dolgushev's work [4, concluding remarks]. Both of them are naturally dglas (see Lemma 3.1 and Lemma 3.2) and their cohomologies are Gerstenhaber algebras.
In order to state the formality theorem and the precise relation between these two Gerstenhaber algebras, one must take into consideration the obstruction to the existence of a g-invariant affine connection on M , the Atiyah cocycle
More precisely, we must call upon its cohomology class, the Atiyah class
, which we introduce in Proposition 4.1. 
. See Equation (6) . The main results of this Note are a formality theorem for g-manifolds and its consequence: a Kontsevich-Duflo type theorem for g-manifolds.
Formality theorem. Given a g-manifold M and an affine torsionfree connection ∇ on M , there exists an
poly (M ) whose first 'Taylor coefficient' Φ 1 satisfies the following two properties:
(1) Φ 1 is, up to homotopy, an isomorphism of associative algebras (and hence induces an isomorphism of associative algebras of the homologies);
(2) Φ 1 is equal to the composition hkr • td 1 2 M/g of the HKR map and the action of the square root of the Todd cocycle td
Kontsevich-Duflo type theorem. Given a g-manifold M , the map
is an isomorphism of Gerstenhaber algebras. Here
) denotes the ChevalleyEilenberg cohomology of g with coefficients in the complex of g-modules E • . It is understood that the square root Td
The theorem above is parallel in spirit to an analogue of Duflo's Theorem -a classical result of Lie theory -discovered by Kontsevich in complex geometry [7] . Kontsevich observed that, for a complex manifold X, the composition hkr
is an isomorphism of associative algebras. Here Td X denotes the Todd class of the tangent bundle T X and HH • (X) denotes the Hochschild cohomology groups of the complex manifold X, i.e. the groups Ext
and HH • (X) are the wedge product and the Yoneda product respectively. A detailed proof of Kontsevich's result appeared in [2] . It is worth mentioning that the map hkr •(Td X ) 1 2 actually respects the Gerstenhaber algebra structures on both cohomologies; this was brought to light in [2] .
Preliminary: Chevalley-Eilenberg cohomology
Let g be a Lie algebra over k (k is R or C). Given a g-module E, one may consider the ChevalleyEilenberg cochain complex
where d CE is the Chevalley-Eilenberg differential. More generally, given a bounded below complex of left g-modules
we may consider the double complex:
where d CE is the Chevalley-Eilenberg differential corresponding to the g-module structure on E • . By definition, the Chevalley-Eilenberg cohomology of g with coefficients in the complex of g-
is the total cohomology of the double complex above:
3. Hochschild-Kostant-Rosenberg theorem for g-manifolds 3.1. Polyvector fields. Let M be a g-manifold with infinitesimal action given by a Lie algebra morphism ϕ : g → X(M ). It is well known that the space of polyvector fields
together with the wedge product and the Schouten bracket [ , ], forms a Gerstenhaber algebra. Moreover, the g-action on M and the Schouten bracket together determine a g-module structure on T k poly (M ) for each k ≥ −1:
) is the total cohomology of the double complex:
poly (M ). The following lemma can be easily verified.
, together with the ChevalleyEilenberg differential d CE , the wedge product ∧ and the bracket defined by Equation (1) is a differential Gerstenhaber algebra. As a consequence,
poly (M )) is a Gerstenhaber algebra. 
poly (M ), and the Gerstenhaber bracket , makes it a Gerstenhaber algebra up to homotopy [5] .
Following our earlier notations, now assume that M is a g-manifold with infinitesimal action ϕ : g → X(M ). Analogously to the polyvector field case, the Lie algebra g acts on D • poly (M ) by:
poly (M ). Since the Gerstenhaber bracket satisfies the graded Jacobi identity, this infinitesimal g-action on D • poly (M ) is compatible with the Hochschild differential.
poly (M ) → · · · is a complex of g-modules, and therefore we have the Chevalley-Eilenberg cohomology
, which is, by definition, the total cohomology of the double complex . . . . . . . . .
Extend the cup product and the Gerstenhaber bracket , to
poly (M ). Again the following lemma is immediate.
Lemma 3.2.
(
, together with the differential d CE + id ⊗d H and the Gerstenhaber bracket ·, · defined by Equation (3), is a dgla.
poly (M )), together with the cup product and the Gerstenhaber bracket defined by Equations (2) and (3), is a Gerstenhaber algebra. 
where S k is the symmetric group on k objects. The Hochschild-Kostant-Rosenberg theorem for smooth manifolds states that hkr is a quasi-isomorphism, i.e. the induced morphism in cohomology hkr :
is an isomorphism of vector spaces [6, 7] . Suppose we are given a g-manifold M . Then the map id ⊗ hkr :
is a morphism of double complexes. Abusing notations, the induced morphism on Chevalley-Eilenberg cohomologies will also be denoted by hkr.
Proposition 3.3 ([8])
. Let M be a g-manifold. The Hochschild-Kostant-Rosenberg map
is an isomorphism of vector spaces.
The proof is a straightforward spectral sequence computation relying on the classical HochschildKostant-Rosenberg theorem for smooth manifolds.
Atiyah class of a g-manifold
The Atiyah class was originally introduced by Atiyah for holomorphic vector bundles [1] . Atiyah classes can also be defined for Lie algebroid pairs [3] and dg vector bundles [10] . In this section, we introduce the notions of Atiyah class and Todd class of a g-manifold.
Let M be a g-manifold with infinitesimal action g a →â ∈ X(M ). Given an affine connection ∇ on M , the Atiyah 1-cocycle associated with ∇ is defined as the map
Following [3] , we prove the following
The cohomology class α M/g is called the Atiyah class of the g-manifold M . It is the obstruction class to the existence of a g-invariant connection on M , i.e. an affine connection ∇ on M satisfying
for all a ∈ g and X, Y ∈ X(M ). Note that if g is a compact Lie algebra, α M/g vanishes since g-invariant connections always exist. The Todd class of complex vector bundles plays an important role in the Riemann-Roch theorem. In our context, the Todd cocycle of a g-manifold M is the Chevalley-Eilenberg cocycle
with Ω k (M ), k ≥ 0, being the natural g-module. Its corresponding Chevalley-Eilenberg cohomology class is the Todd class Td M/g . Alternatively
Since the Lie algebra g is finite dimensional, the above expression for the Todd class Td M/g reduces to a finite sum.
Example 1. Consider the case of the 1-dimensional abelian Lie algebra g = R acting on the real line M = R. The infinitesimal action is uniquely determined by a vector field Q = q(x)
where the map d Q is given by
for f ∈ C ∞ (R). Let ∇ be the trivial affine connection on the manifold M = R, i.e. ∇ d dx d dx = 0. Under the above isomorphism, the Atiyah 1-cocycle R ∇ 1,1 is simply the second order derivative of q:
. As a consequence, the Atiyah class vanishes if and only if there exists a smooth function y defined on the whole real line and satisfying the differential equation qy + q y = q . For instance, if Q = x 2 d dx , the Atiyah class is non-trivial since no function y ∈ C ∞ (R) satisfies x 2 dy dx + 2xy = 2 and therefore there exists no Q-invariant connection on R.
Formality theorem and Kontsevich-Duflo theorem for g-manifolds
The main results of this Note are a formality theorem for g-manifolds and its consequence: a Kontsevich-Duflo type theorem for g-manifolds.
Theorem 5.1 (Formality theorem for g-manifolds). Given a g-manifold M and an affine torsionfree connection ∇ on M , there exists an
(1) Φ 1 is, up to homotopy, an isomorphism of associative algebras (and hence induces an isomorphism of associative algebras of the cohomologies);
As an immediate consequence, we have the following Theorem 5.2 (Kontsevich-Duflo type theorem for g-manifolds). Given a g-manifold M , the map
is an isomorphism of Gerstenhaber algebras. It is understood that the square root Td
poly (M ) by contraction.
Theorem 5.1 follows from a more general result of ours, a formality theorem for Lie pairs, whose detailed proof will appear in a forthcoming revision of [8] . A pair of Lie algebroids (or Lie pair in short) consists of a Lie algebroid L and a Lie subalgebroid A of L. Given any Lie pair, our formality theorem for Lie pairs establishes an L ∞ quasi-isomorphism Φ from the polyvector fields 'on the pair' to the polydifferential operators 'on the pair.' The first 'Taylor coefficient' Φ 1 of the L ∞ quasi-isomorphism Φ preserves the associative algebra structures up to homotopy and admits an explicit description in terms of the Hochschild-Kostant-Rosenberg map and the Todd cocycle of the Lie pair. Now every g-manifold M determines in a canonical way a matched pair: (g M, T M ) [11, Example 5.5] [9] . The notation g M refers to the transformation Lie algebroid arising from the infinitesimal g-action on M . Therefore, we can form a Lie pair (L, A), where L = (g M ) T M and A = g M . For this particular pair, the polyvector fields and polydifferential operators reduce to tot Λ • g ∨ ⊗ k T • poly (M ) and tot Λ • g ∨ ⊗ k D • poly (M ) respectively. Theorem 5.1 then follows from our formality theorem for Lie pairs [8] .
To the best of our knowledge, the first construction of an L ∞ quasi-isomorphism from the dgla tot Λ • g ∨ ⊗ k T • poly (M ) to the dgla tot Λ • g ∨ ⊗ k D • poly (M ) can be credited to Dolgushev [4, concluding remarks] .
Applications of Theorem 5.1 to the deformation quantization of g-manifolds will be considered elsewhere.
